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The Chen-Lubensky model for the NAC critical point is modified to include a bond-
angle order parameter describing the biaxial nematic (N') phase. When reasonable
assumptions are made about fluctuation effects at the NAC point, an N’ phase always
occurs leading to an NN'AC tetracritical point as predicted by Grinstein and Toner.
The x-ray scattering intensity is found to consist of two off-axis diffuse spots near the
NN'AC point and to evolve continuously toward a ring with a cos® modulation as the
point where the N, N', and C phases meet is approached. Powder averages of the x-
ray intensity in the N’ phase will be difficult to distinguish from the intensity predicted
by the Chen-Lubensky model throughout most of the N' phase.

Keywords: multicritical points, biaxial nematic, NAC critical point

. INTRODUCTION

The NAC point where nematic, smectic-A and smectic-C phases meet
has been the subject of increasingly precise experimental study in
recent years.!~¢ There is good agreement among experiments per-
formed in different laboratories and among different experimental
probes. The NC line is a first order line with a latent heat going to
zero as the NAC point is approached. The NA and AC lines are
second order within experimental accuracy near the NAC point, though
the AC transition is reported to become more tricritical®’ near this
point.

There are a number of theories for the NAC multicritical point.5-#-!1
Of these, those of Refs. 6 and 8—10 are mean field theories. Only
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the dislocation melting theory of Grinstein and Toner'? (GT) is a
true three dimensional critical theory. All of the mean field theories
predict that only the N, A and C phases meet at the NAC point. In
the Chen-Lubensky theory® (CL), the NAC pointisann = 2, m =
2 Lifshitz point!? in which the NC transition is first order because of
fluctuations. In the other mean field theories, which introduce order
parameters related to bond angle order, the NAC point is either a
kind of bicritical point® or a critical end point.®!® The GT theory
predicts that a biaxial nematic (N') phase intervenes between the N
and C phases so that the NAC point becomes an NN'AC tetracritical
point. Though the GT model is on the most rigorous theoretical
footing of all of the theories, there is as yet no experimental evidence
for the N’ phase; and the CL. model appears to be in better agreement
with experimental than any of the others.

The purpose of this paper is to investigate the effect of including
fluctuations and the possibility of bond angle order in the nematic
phase in the CL model. Fluctuations will be treated using one loop
perturbation theory. The principal result of this analysis is that fluc-
tuations reduce the transition temperature 7, of the NAC Lifshitz
point to zero in three!® dimensions so that a biaxial nematic phase
will intervene between the N and C phases, in agreement with the
GT theory. This result depends strongly on spatial dimensionality d.
At one loop order the lower critical dimension of then = 2, m = 2
NAC Lifshitz point is three leading to Ty, = 0 at d = 3. Above d
= 3, Tnac is not zero, and either the Lifshitz topology (Figure 1a)
or the tetracritical topology (Figure 1b) is possible, and analyses based
on e-expansions predict!! both behaviors. The GT theory, however,
correctly treats three dimensional fluctuations and rules out the Liftshitz
topology as long as the NA and AC transitions are second order with
negative specific heat exponents. This point will be discussed further
in the discussion section.

A second result of this paper is that the powder averaged x-ray
scattering intensity throughout most of the N’ phase will be very
difficult to distinguish from that of the N phase. It is thus imaginable
that the N’ phase exists in a small region of the phase diagram but
that it is invisible to x-ray scattering and presents such small thermal
anomalies that it cannot easily be detected with calorimetry.

Il. FLUCTUATIONS AND THE CL MODEL

The order parameter for the CL model as explained in detail in Ref.
8 is the mass density m (¥) with Fourier components in the neigh-
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FIGURE 1 (a) Typical phase diagram near the NAC multicritical point. The NA
and AC lines (unbroken in the diagram) are second order, and the NC line (broken)
is first order. T is the temperature, and x the concentration of one molecular species
in a mixture.

(b) A possible phase diagram predicted by Grinstein and Toner, showing the biaxial
N’ phase and the NN'AC tetracritical point. The crosses represent tricritical points,
and the open circle a triple point where the N, N', and C phases coexist. The tricritical
and triple points are not predicted by the GT theory. Since the NC line is first order,
however, there must be a tricritical point on either the NN’ line or on the N'C line.
It is, therefore, possible that either the NN’ or the N'C line meets the NC line at a
critical end point.
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borhood of the ordering wavevectors for the smectic-A and smectic-
C phases. The Landau-Ginzburg-Wilson Hamiltonian is

Hep = Hy + u f Px m*(E) + %w f & m(V.mp, (2.1)

where

1( d3g
H, = 3 @3[’ + Dy(qf — q5)* + c.q%

+D.ql + Di.q%(qf — @)m@P, (2.2)

where m(g) is the Fourier transform of m(%) and ¢, and g, are
respectively the components of the wavevector parallel and perpen-
dicular to the direction of molecular alignment specified by the Frank
director, . u >0, w >0, D;>0,D = 0, ¢, and Dy, are phenom-
enological parameters, and §, = ¢ is the wavevector of the smec-
tic-A order.

r=a(l — T{JT) 2.3)
goes to zero at the mean field NA transition temperature T%,,.
The x-ray scattering intensity is proportional to G (g, r) =

(| m (§)|*) where ( ) represent a thermal average with respect to
H;. In mean field theory in the nematic phase,

G(g,r) = [r + D(q? — ¢3* + c.¢> + D, q% + Dy.qi(qi — gd)]™"
=[r(®] " (2.4)

Thus for ¢, > 0, G(g, r) has diffuse spots centered at § = + gyt
for r > 0. When ¢, > 0, the diffuse spots open into rings in the plane
perpendicular to 7 centered at *gqq# with radius ¢,, = |c,|2D,.
The Lifshitz NAC point occurs at ¢, = 0, and the mean field NC
transition occurs at

T%¢ = T{a (1-¢%3/4D @)~ ~ T4 (1+c%/D a), (2.5)

leading to the phase diagram shown in Figure 2a.
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FIGURE 2 (a) Mean field phase diagram for the CL model. The NC line is first
order because of fluctuations.

(b) The one-loop phase diagram for the CL model showing the depression of Ty, to
zero.

(c) Phase diagram for the CL model with one-loop fluctuations and a bond-angle order
parameter. Ty, is independent of ¢, in the model. Thus, near ¢, = 0, Ty is always
greater than Ty, or Ty, and a biaxial nematic phase resuits. Since Ty, fall very
rapidly to zero near ¢, = 0 when bond angle order is not included, the N’ phase may
exist in only a very small region of the phase diagram. This diagram shows a tricritical
point on the N'C line and the NN’ line hitting the N'C and NC line at a critical
endpoint. The topology of Figure 2(b) is also possible in the model.
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In one loop, self-consistent perturbation theory, there is a correc-
tion to G ~1(§) coming from the diagram shown in Figure 3, yielding
d’q
(2m)?

t=G NG = q%t) =1 + 12uf G(G.t).  (2.6)

The NA transition temperature Ty, is determined by ¢ = 0 in the
above with ¢, > 0, or

TS’VA>
all—-——) =
(-7

3 1
- 12u &g

(2m)? DII(Qﬁ —q3)? + c.q% + D.gt’

2.7)

where for simplicity we have set Dy, = 0. The Lifshitz critical tem-
perature Tn,¢ is determined by this equation with ¢, = 0. Setting
g, = (qo + k) and g, = q,(sind, cosd, 0) and using d*q = dk,

1 . . .
> dg’dd, it is easy to see that the integral on the right hand side of

Eq. (2.7) is logarithmically divergent as ¢, — 0. This leads to

)
T'xa

T =
M T 14 3u(wa) T (2D D .q3) ~In[2AD e ]

(2.8)

where A is a cutoff on the value of k = g — qo Note that Ty,
tends very sharply to zero (as one over a logarithm) as ¢, — 0 implying
Tnac = 0. For ¢, <0, the NC transition is first order leading to the
phase diagram shown in Figure 2b.

FIGURE 3 One loop contribution to G~1(g, 1).
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Fluctuations at the one loop level depress Ty to zero, and any
ordering that might occur for T > Ty, will eliminate the Lifshitz
point. The next section will show that a biaxial N' phase will always
occur before Th - = 0 is reached. It should be stressed at this point
that the above results were derived using one loop self-consistent
perturbation theory. There is no rigorous proof that Ty, will remain
zero in an exact theory when all loop contributions are retained. A
Kosterlitz-Thouless type transition'¢ is, for example, imagineable.
The GT theory, however, rules out the existence of ann = 2, m =
2 type NAC Lifshitz point in three dimensions.

li. BIAXIAL ORDER

The molecules in nematic and smectic liquid crystals can conveniently
be modeled as rigid rods with center of mass at positions X* and unit
vectors 7 along their long axes as shown in Figure 4. The deGennes
order parameter Q;, for the nematic phase, can be constructed from

(s3

vl

pQ;(E) = < X (v}"v;‘ - —é—a,»j>a<3—xa>> , (3.1)

where the sum is over all molecules o and where p ts the uniform
mass density (not to be confused with m which is the mass density

7B
t

\i"—k‘ﬁ—‘i"ﬁ

FIGURE 4 Schematic representation of two molecules o and § in a nematic showing
their local orientation vectors v and #® and the vector ¥*# connecting their centers
of mass.
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with wave vector in the vicinity of §,). Another symmetric traceless
tensor order parameter P; can be constructed from the unit vectors

B - i
e = —— 3.2
€ Ifa . iB| ( )

connecting the centers of mass of molecules « and B:

pP5) = <3 (euﬁe“f’—la)f(x —xB)S[x——(x —xﬁ)] . (3.3)

where f (¥) is the pair correlation function that tends to zero at large
X. P; measures the degree to which there is alignment of the position
vectors between neighboring molecules, i.e. it measures bond angle
order.

If both Q,; and P; are uniaxial matrices, they will have respective
amplitudes S and P and principal axis vectors 7 and & so that

1
Q= S(”i n; — 3 81’/) )
1
Pij = P ei e,» - 36" N (34)

where

n Qi 1y —((3cos26" -1)),.,

3
P= 2 elP;e= —((3c0529"‘-” -1, ., (3.3)

where 6 is the angle between v* and 7 and 6*f the angle between
¢ and &®. ( ), and ( ), signify, respectively, averages over all
molecules and pairs of molecules. In the nematic phase the principal
axes of Q; and P; are parallel, i.e. ¢ = 7. In most nematics S is
positive. P, however, can easily be either positive or negative de-
pending on whether é*F is more likely to be parallel or perpendicular
to é as shown in Figures 5a and 5b.
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FIGURE 5 (a) Schematic representation of molecules in a nematic with P < 0. #
is along the z-axis and parallel to é. The vector connecting the centers of mass of
nearest neighbor molecules is more likely to have a large component in the plane
perpendicular to # than a large component parallel to 7.

{b) Molecules in a nematic with P > 0. Here the vector connecting nearest neighbor
molecules has a large component along 7.

(c) Molecules in a biaxial nematic with # and & not parallel. There is a local structure
similar to that in the C phase with the vector between nearest neighbors at an angle
to 7.

When 7 and & are no longer parallel as shown in Figure Sc, the
nematic phase becomes biaxial. A natural order parameter for the
biaxial phase is

H = singe, = [1 — (7 - 8?2, , (3.6)

where 2, is a two dimensional unit vector perpendicular to 7i. A
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free energy for the N to N’ transition can be obtained from the
invariants that can be constructed from Q; and P;. For example

Q;P; = SP <00526 - %) = SP (% - nz) . (3.7)

Here and in what follows, summation over repeated indices is under-
stood. The LGW Hamiltonian for the N—N' transition is thus

1 1
H, = fd3x [E N+ umt + 3 Ci,'klvmjvk’ﬂ/] ) (3.8)
where

ry = a, (1 — TN/T) (3.9)
where Ty, is the mean field NN' transition temperature and c;;, has
three independent components whose precise form is irrelevant to
the present discussion. In the absence of smectic ordering there will
be a mean field NN’ phase transition at Ty,.. In general, once 7 is
non-zero, both Q,; and P; become biaxial with three distinct principal
axes requiring a modification of Eq. (3.4). The addition of biaxial
contributions to Q; and P; will not alter the results presented here
and will not be considered.

P, couples to the smectic order paramater via gradient terms. For
example

s 1 .
P, mY, m — P[(q o - 3 qz] (m@P  (3.10)
where
@G- =1 -""2+qg, - =qf +2q4,. 1. (3.11)

Thus, coupling to P; will change the magnitudes of the parameters
in H, and introduce couplings between 1 and m. To lowest order in

i,
d3
Ha = = | Gha@ m@r 6.1

In general, higher order terms in % must be included, especially if
the neighborhood of the N'C transition is to be properly discussed.
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The linear coupling in Eq. (3.12) is, however, adequate for most of
the present discussion. The complete Hamiltonian for the NN'AC
transition region is

H=H, + He, + H,,. (3.13)

It is clear that Tyy > Tyac = 0 so that there will always be a
biaxial phase that appears in the vicinity of ¢, = 0 as depicted in
Figure 2Zc. As will be shown shortly, the biaxial order of the N’ phase
removes the divergence that lead to Th, = 0 so that there will be
an N'-C transition at finite temperature. Note that ¢, may be either
positive or negative in the N’ phase, and the x-ray scattering intensity
can obtain quite different forms:

Gn(g.r) = [r + D(qf — qi)* + c.¢2 + D g}

+ Dugt (gf — 4 — vgi - g7t (3.14)

When ¢; > 0, the maximum of G,.(¢.r) occurs at two points tilted
off the 7i-axis at ¢, = =qy[# + (v/2¢,)M]. The angle y = tan~'(vn/
2¢,) ~ (v/2c)m that g. makes with # is not in general equal to the
angle 6 between # and é. The diffuse spot at g, is ellipsoidal in
shape with widths along its three principal axes determined by cor-
relation lengths §,, &, and &;. The axes 1 and 2 with lengths &, and
&, are mutually orthogonal and lie in the plane defined by 7 and
but are not necessarily parallel to either # or 7. The third axis is
perpendicular to the 7i—7 plane. To reiterate, when ¢, > 0, the
biaxial phase is obtained from the nematic phase merely by moving
the diffuse scattering spot at § — @, off the axis parallel to # as
shown in Figure 6(c).

When ¢, > (0, the onset of biaxial order leads to a cosd modulation
in the diffuse scattering ring of the nematic phase as shown in Figure
6(d). The maximum intensity will occur at

N M vqy , -
e = = + =M+ O(ny). 3.15
ql ‘ho |T]I 4|CJ_I Tl (”fl_) ( )

As temperature is lowered, the harmonic content of the ring mod-
ulation increases (t.e. cosnd terms for n = 2.3, . . . become impor-
tant) until eventually at the C phase, there is a quasi-Bragg spot off
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q, (a) q (b)

‘ V4

A €» 9,

qu qu

* g, 1D PN
x 0 X0
| =% > -a,

FIGURE 6 Schematic representation of the x-ray scattering intensity in (a) the N
phase with ¢, > 0, (b) the N phase with ¢, < 0, (c) the N’ phase with ¢, < 0, and
(d) the N’ phase with ¢, < 0. The z-axis is parallel to 7.

axis. When ¢, = 0, a diffuse spot moves of axis as for ¢, > 0, but
more rapidly with increasing 7:

1/3
= (s
qic 4Dln

=

(3.16)

=
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It is now straightforward to see why T is non-zero. The equation
determining T to one loop order has exactly the same form as Eq.
(2.6) with G(q,t) replaced by Gn.(g,). Ga(§,t) has a maximum at
a single value of § = §. = (q.., q¢) for a given sign of g;. Thus
Gy' (g,t) = t + 12 Mykk; where k = ¢ — g. and M; = &G/
aqiaquZ’:;’c has three positive eigenvalues. In Eq. (2.7) a similar
expansion for G leads to M,; with two zero eigenvalues when ¢, =
0. Thus the integral in Eq. (2.6) is convergent if G is replaced by
G- A possible phase diagram is shown in Figure 2c. The present
analysis cannot determine when first order transitions occur. It does,
however, predict an NN'AC tetracritical point in agreement with GT.

If the N’ phase exists, it will presumably be difficult to obtain single
crystal alignment. X-ray scattering will see a powder average of G (g,
r). When only linear terms in n are inciuded as in Eq. (3.14) the
powder average integral over can be done analytically:

_ d
c - | 2L Gia. n

= [(a) - vialPqin’]~"? (3.17)

where r(qg) is defined in Eq. (2.4). This scattering form is similar to
that proposed by Andereck and Patton.!” When ¢, < 0, Eq. (3.16)
will be difficult to distinguish from the intensity of the CL model [Eq.
(2.4)]. When ¢, > 0, this is exactly the form obtained by Chu and
MacMillan® 8 for the scattering intensity in the N-phase above the
C-phase.

IV. DISCUSSION

The NAC multicritical point like the NA transition remains incom-
pletely understood. Present theory does not easily admit the possi-
bility that the NAC point is a true Lifshitz critical point at which
second order xy-like NA and AC lines meet a first order NC line.
The dislocation melting treatment of GT categorically rules out this
possibility if the specific heat exponents « of the NA and AC line are
negative as theories based on symmetries and universality class ar-
guments would have them be. The fluctuation corrected treatment
of the CL model with bond angle order presented here strongly sup-
ports the GT theory. X-ray experiments' strongly support the Lifshitz-
like character of the NAC point with ¢, going to zero along a line
that passes through the NAC point. Though the experimental sin-
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gularities in the heat capacity along the NA line are consistent with
a slightly negative,® those along the AC line consistently yield a
positive «. This suggests other scenarios for the NAC point that have
not as yet received careful theoretical attention. The first is that the
NAC point is in fact a critical end point with a tricritical point along
the AC line near the NAC point. This is the scenario predicted by
the mean field theories of Ref. 6 and 10. These theories do not,
however, address the nature of the x-ray scattering intensity in the
nematic phase. In their present form, they do not predict ac, = 0
line. Theoretical study of a model in which there is both a critical
endpoint and a ¢, = 0 line is clearly called for. Though the critical
endpoint scenario is not theoretically forbidden, it is not strongly
supported by experiment in that a tricritical point on the AC line
near the NAC point has not definitely been identified. Another pos-
sibility is that the AC tricritical point and the NAC point actually
coincide. It is not completely clear whether this is an acceptable
theoretical scenario since the AC transition would presumably be
second order with a < 0 all of the way up to the tricritical point
leading to the prediction of a tetracritical point with arguments similar
to those of GT. A one loop calculation similar to that presented here
would also appear to rule out this possibility. In addition, one would
have to explain why the NAC Lifshitz point and the AC tricritical
point always coincide. If they coincide only because of accidental
values of potential, the apparent universality of the NAC behavior
would be difficult to explain. If there is some symmetry reason why
the two point coincide, if has yet to be found.

In conclusion, theory still prefers the appearance of a biaxial N’
phase in the vicinity where the N, 4, and C phases meet. Though
there is no experimental evidence that the N’ phase exists, there is
also no strong experimental support for the alternate scenario ac-
cepted by theory that the NAC point is a critical endpoint in the
vicinity of an AC tricritical point. It is possible that the final cause
of the discrepancy between theory and experiment is our incomplete
understanding of the NA transition. If it should turn out that the
specific heat exponent for the NA transition really is positive, then
the GT theory would predict a bicritical rather than a tetracritical
point where the N, A and C phases meet.
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layering is established, and, therefore, do not consider the possibility of a biaxial
nematic phase with tilt but no layering. Nevertheless, in the nematic phase, they
calculate the x-ray scattering intensity as though there were long range biaxial
order. A consistent treatment of the tilt order parameter in the Chu-Macmillan
model would in fact lead to a biaxial nematic phase with the scattering intensity
of Eq. (3.17). The scattering intensity of the nematic phase would be that of Eq.
(2.4) with D, = 0 and D, = 0.



